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An introduction

Basic mathematical tools of the fracture mechanics is based on the Kolosov's doctoral thesis
at University of Dorpad (present Tartu), Estonia, [3]. The nonlinear phenomena was taken
into account by Gri�th [4] by using energy considerations and the concept of surface energy.
Orowan [5] extended the Gri�th's theory by inclusion of all dissipative energy, essentially
the surface energy and plastic work, because the Gri�th's theory avoids an analysis of the
crack edge neighborhood. Irwin [6] introduced the concepts such as the stress intensity factor
and the energy release rate. The critical stress intensity factor (fracture toughness) became
concept that laid the foundation of the linear (elastic) fracture mechanics (LEFM). Barenblatt
[7, 8] introduced the concept of autonomy of the �eld near the crack edge. Finally, among
other signi�cant contributions, it must be mentioned the Rice's one [9], which introduced the
J-integral concept, a path-independent integral, for crack analysis. The J-integral concept
laid the foundation for the nonlinear fracture mechanics.

A very powerful tool for crack modeling is the theory of plane elasticity, especially, the
theories based on the theory of the complex function like Muskhelishvili's complex poten-
tials of isotropic elasticity, see Muskhelishvili [18], and Lekhnitskii or sextic Stroh formalism
dealing with the anisotropy, see Ting [19]. Anisotropic elastic material considered in two di-
mensional deformations may have as many as �fteen elastic constants. In contrast to this,
the Lekhnitskii-Stroh formalism replaces the �fteen elastic constants by three eigenvalues and
corresponding eigenvectors. The Lekhnitskii-Stroh formalism is mathematically elegant and
technically powerful. The Lekhnitskii formalism was laid down in 1950, [20, 21], and the newer
Stroh formalism were laid down in 1958, [22, 23].

The microcracking is the particular fracture problem, where the cracks are relatively short
and are growing in the neighborhood of some stress rising features causing a relatively steep
stress gradients. In this case, it is practicable to represent the geometry of the problem in
an idealized way and all the previously discussed formalisms allow one to �nd the Green's
functions of these problems, which can be subsequently utilized by the distributed dislocation
technique to model the evolution of the developing micro-cracks. The distributed dislocation
technique is based on the pioneering works of Eshelby [26, 27], Erdogan [49, 50] and many
others, and o�ers a precise solutions contrasted with the approximative solutions received by
the �nite element method in which the geometry is modeled exactly.

On the other hand, to exploit the �nite element method with the elimination of its in-
appropriate behavior near the stress concentrators, it can be applied the two-state integral
procedure, especially the so-called Ψ-integral. The Ψ-integral follows from the Betti's reci-
procity theorem in the absence of the body forces and enables to determine the local stress �eld
parameters in the vicinity of the crack or notch tip using the deformation and the stress �eld
in the remote points, where the numerical results obtained e.g. using �nite element analysis
are more accurate.

In the presented work, there are summarized the results of the articles published during
the years 2003�2010 under prof. Michal Kotoul leadership or in conjunction with Jan Klusák
from Institute of physics of materials, Academy of sciences of the Czech republic. The results
discussed in the following chapters are received from the application of the methods mentioned
above.

The author is grateful to prof. Michal Kotoul for his leadership and the possibility to par-
ticipate on his projects and scienti�c research. The author is also grateful to his colleagues
Old°ich �eve£ek, Ph.D. and Jan Klusák, Ph.D. for the brave collaboration. The thanks must
be also expressed to the author's close colleagues from the Institute of solid mechanics, mecha-
tronics and biomechanics.
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Figure 1: The periodic array of the inclusions and microcracks. The tips of the microcracks
lie in the matrix.
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Figure 2: The normalized stress intensity factor KI/(q
√
πd) due to the remote loading q as

a function of the normalized microcrack length a/d for various ratios of the elastic moduli of
the inclusions Ei and the matrix Ee and for the ratio (a) R/d = 1/3, (b) R/d = 1/6.

1 The cracks and notches at the bimaterial interface

The important area of the fracture mechanics application is covered by the study of the
ceramics and composites behavior. As an example of the stress intensity factor application,
the tensile strength of the ceramics can be estimated using the collinear microcrack model, see
[a2, a4, a5, a8, a10, a11]. This model allows one to assess the behavior of the formation of the
microcracks in loaded ceramic matrix containing the inclusions, whose elastic properties di�er
from the elastic properties of the matrix. Because of the analytical description of the problem,
it is considered the simplest case of the microcrakcs and inclusions con�guration - the periodic
array of collinear microcracks and inclusions placed between the neighboring microcrack tips.
As the �rst, it is supposed that the microcrack tips lie in the matrix, see Fig. 1. The value
of the stress exponent singularity for this microcracks and inclusions con�guration is 1/2 and
it is reasonable to study the stress intensity factor KI de�ned in homogeneous solid, which is
given by the following formula

KI =
2µe

(1 + κe)

[
d tan

(
πa

d

)]1/2

g(1), (1)

where µe is the matrix shear modulus, κe = 3 − 4νe and νe is the matrix Poisson's ratio.
Parameters a and d are the half-length of the crack and the distance between the centers
of neighboring inclusions. The function g(s) is the linear combination of Jacobi polynomials
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and it is bounded on the closed interval s ∈ [−1, 1]. It describes the interaction between the
microcracks and inclusions and in the absence of inclusions g(1) verges into the expression
q(1 + κe)/(2µe), where q denotes the remote loading. This recover the relation for the stress
intensity factor for an in�nite row of collinear cracks. The equation (1) can be presented in the
form of the relation of the normalized stress intensity factor,KI/(q

√
πd), versus the normalized

microcrack length, a/d, for several values of R/d and the elastic moduli ratio, see Fig. 2. These
graphs show an expected result that elastically softer/sti�er inclusions amplify/attenuate the
stress intensity comparing to the homogeneous case. It is also a matter of interest to compare
the stress intensity factor for the single crack interacting with a single inclusion lying in the
plane of crack, see Erdogan, Gupta and Ratwani [25], with the stress intensity factor for the
periodic array of cracks and inclusions. A comparison of solutions calculated for the ratio of
the inclusion radius and the microcrack half-length R/a = 2 and for the ratio of elastic moduli
of inclusions and matrix Ei/Ee = 23 is shown in Fig. 3.

The previous problem of the array of the microcracks and inclusion can be generalized
to the case, when the microcrack tips impinge the inclusion. Then the singularity exponent
di�ers from the value 1/2 and must be evaluated from the boundary and material conditions
prevailing in the vicinity of the stress singularity. Also in this case the singular stress �eld in
the vicinity of a singular point exhibits the asymptotic behavior σij ∼ rδ−1, where r is the
distance from the singular point and δ is called a characteristic eigenvalue of the singularity
which acquire a value from the interval (0, 1). It can be also generally complex, whereas the
real part is from interval (0, 1). As the other example of the general stress concentrator can
be considered not only the crack, but also the notch with tip on the interface of two dissimilar
materials, interface crack and generally a junction of several materials, see Fig. 4.

Within the framework of the linear-elastic fracture mechanics, the stress �eld in the vicinity
of the general stress concentrator is possible to write, for the general case of loading, in form,
see Williams [17],

σij = H1r
δ1−1fij1(ϕ) +H2r

δ2−1fij2(ϕ) + Tδi1δj1 +O(rδ), (2)

where the amplitude of the �rst and second term (singular terms) are called Generalized Stress
Intensity Factors (GSIFs). The H1 corresponds to the generalized stress intensity factor of a
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Figure 4: Di�erent types of the general stress concentrators � crack terminating at the interface
of two dissimilar materials, interface crack, notch and V-notch and a general multimaterial
wedge.
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Figure 5: The periodic array of the inclusions and the microcracks with their tips impinging
the inclusions.

stronger singularity than H2. Generally, the functions fijk(ϕ) depend on the geometry and
material characteristics of the stress concentrator. Symbol T is associated with the T -stress
and O(rδ) are the higher order terms which are negligible in comparison with the previous
ones for r → 0.

The values of the singularity exponents of the general stress concentrators must be evalu-
ated numerically, but for the case of isotropic materials, the formula giving the exponent values
is well known and can be found in the closed form, see e.g. Hills, Kelly, Dai and Korsunsky
[28]. The evaluation of the stress singularity exponent is the essential step of the general stress
concentrator analysis. Its knowledge allows the formula (1) to be rewritten to its generalized
form for the above discussed problem of the arrays of microcracks and inclusions, when the
microcrack tips terminate at the inclusions, see Fig. 5,

HI = (2π)1/2−λ µ∗
[
d tan

(
πa

d

)]λ
g(1), (3)

where µ∗ and Dundurs' parameters α and β can be found in e.g. Hills, Kelly, Dai and
Korsunsky [28], and HI is the generalized crack tip stress intensity factor. From the equation
(2) follows, that δ1 = 1− λ.

Because of the di�cult physical interpretation of generalized stress intensity factor HI by
reason of its di�erent physical dimension than MPa·m1/2, the standard fracture criterion of the
linear fracture mechanics cannot be used. To be able to quantify the e�ect of the inclusions on
the propagation of the microcracks, it is considered the stability criterion which is related to
the average stress calculated across the distance d∗ from the microcracks tips, where d∗ is the
characteristic dimension of the fractured inclusions. The numerical values of the normalized
applied loading qc/qchom is displayed in Fig. 6. The qchom is the critical applied loading of the
array of the collinear microcracks and the absence of the inclusions.
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Figure 7: Cracked and loaded specimens made of two layers of composite such as
Graphite/Epoxy T300/5208 system. There are indicated three di�erent mutual orientations
of layers inside the shaded domains.

The article [a2] deals with the solution and description of the stress intensity factor and the
critical applied loading as it is discussed above. So do the articles [a4]�[a8], [a10], [a11], but
the results are applied to the problems of the composite fracture, e.g. crack path stability for a
periodic array of cracks and inclusions, the crack tunneling in the composites composed by the
brittle matrix reinforced by the tougher �bers and the weakening e�ect of the microcracking
ahead of the main crack.

Because the signi�cant part of composite materials exhibit the anisotropic behavior, the
other important area of the application of the linear fracture mechanics is the stress concen-
trator analysis in the anisotropic elasticity. It might seen that the anisotropy makes all the
previous calculations more complicated, but it is the half of the truth because of the existence
of the Lekhnitskii, Eshelby and Stroh formalism (LES formalism), which is based on the com-
plex function theory (complex potential theory) and gives an elegant and powerful tools for
displacement and stress �eld description.

Supposing the con�guration of the stress concentrator as it is displayed in Fig. 4, the third
case. Providing a perfect bonding between two adjacent materials and application of appro-
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Figure 8: The bimaterial con�guration with the crack situated at an arbitrary angle with
respect to the bimaterial interface.

priate boundary conditions, one gets a system of 6N homogeneous linear equations, where N
is the number of material wedges, Desmorat and Leckie [29]. The number of homogeneous
linear equations can be always reduced to the system of three linear dependent homogeneous
equations and this system is shortly possible to write in the form

K(δ)v = 0, (4)

where for non trivial solution the determinant of the system matrix K have to be zero.
From this condition one gets a non-linear equation whose roots are the searched characteristic
singularity eigenvalues δ. The real part of the least root from interval (0, 1) de�nes a singularity
exponent δ1−1, see (2). It should be pointed out, that there exist many other method providing
the evaluation of the singularity exponents, see [a13], [a23], [a25], [a26], [a33] or �eve£ek [30].

As an illustration of the generalized stress intensity factor application to the stress concen-
trators in anisotropic, especially in the orthotropic material, can be taken the results published
in the papers [a23] and [a25]. There was studied the specimen, which was made of two layers
of composite such as Graphite/Epoxy T300/5208 system. The loading of the specimen and
material variation of the layers is displayed in the Fig. 7. There are considered three di�er-
ent mutual orientations of layers of material 1 and 2 in the Fig. 7 with the axis of material
symmetry either parallel or perpendicular to the bimaterial interface. For each of considered
con�guration, the eigenvalue problem (4) gives the pair of quantities, δ and v. This quantities
pertain to the real solution, but it should be pointed out, that the eigenvalue problem (4)
gives also the pair of quantities, −δ and w, pertaining to the so-called auxiliary solution,
whose knowledge is essential for the evaluation of the generalized stress intensity factor by the
Ψ-integral method o�ering an e�ective and rather accurate way to generalized stress intensity
factor evaluation.

The problem of the perpendicular crack to the bimaterial interface can be generalized to
the crack inclined with respect to the interface, see Fig. 8 and [a32], [a33] and �eve£ek [30].
In the same way as in the previous crack con�guration, the characteristic eigenvalues of the
singularity δ1 and δ2 are calculated using the LES method. The whole stress and displacement
�eld is described by the two singular terms characterized by the two pairs of stress singularity
exponent 1 − δi and corresponding generalized stress intensity factors Hi, (i = 1, 2). The
results are displayed in Fig. 9 for Dundurs' parameter β = 0, material parameters λ1 = 0.1,
ρ1 = 2, λ2 = 1, ρ2 = 1, E2 = 60 000 MPa, ν2 = 0.238 and several values of Dundurs' parameter
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Figure 9: Variation of the eigenvalues δ1, δ2 and of the generalized stress intensity factors H1,
H2 with Dundurs' parameter α for several angles φ of the crack inclination with respect to
the bimaterial interface (Dundurs' parameter β = 0).

α and angles φ.
The next generalization of the problems discussed above is the study of the orthotropic

bimaterial notch. As an illustration of this bimaterial con�guration can be taken the results
given in [a36], where it is studied the rectangular bimaterial orthotropic notch, see the Fig. 10.

The last example of the generalization of the stress intensity factor is the case of the bridged
crack impinging the bimaterial interface discussed in [a28]. Assuming the crack initiated from
the surface defect and extended through the surface layer of the thickness h, see Fig. 11. The
investigation of the toughening mechanism can be speci�ed as the �nding the local generalized
stress intensity factor Htip related to the remote applied stress intensity factor Happl and the
generalized bridging stress intensity factor Hbr by the formula

Htip = Happl −Hbr. (5)

The problem is solved using two methods. The �rst one consists in the application of the just

y

x

material 2

E1

σ∞xxσ∞xx

material 1

E1

Figure 10: The remote loading and geometrical con�guration of the bimaterial orthotropic
notch.
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Figure 11: The remote loading and geometrical con�guration of the bridged crack impinging
the bimaterial interface.

mentioned Ψ-integral, but with simple modi�cation, which is based on the incorporation of a
pair of body forces acting on the crack faces at the general point. This pair of the body forces
allows the weight functions W (y, h) to be set up and used further to calculate the generalized
bridging stress intensity factor, Hbr.

There is evaluated the weight function in the dimensionless form W · h1−δ against the
dimensionless distance from the crack tip −y/h in the Fig. 12. The speci�cation of material
combination of the layers 1 and 2 corresponds to the composite such as FP/A1 system with
elastic constants EL = 225 GPa, ET = 150 GPa, GL = 58 GPa, νL = 0.28, where the �bers of
the material of the substrate (material 2) are parallel with y axis. It should be noted, that this
bimaterial con�guration leads to the value of the stress singularity exponent δ = δ1 = 0.672.
The second method used for the evaluation of the local generalized stress intensity factor Hbr

is the crack modeling by the distributed dislocation technique. The advantage of this method
is its accuracy, even though it is able to give the numerical results only for the �rst stage
of the loading, when the broken �bers are not massively pulled out from the matrix because
there are a certain numerical problems for the subsequent stage of loading. Whether the Hbr is
evaluated by the weight function method or distributed dislocation technique, it necessary to
know the bridging stress distribution, σ̂br, along the crack faces, see [a28]. As an illustration,
there are the plots of the σ̂br for several values of the Weibull modulus, m, the frictional shear
stress between the matrix and �bers, τ , and strength of the �bers, σ0f , in the Fig. 13. Having
the bridged stress dependence on the crack opening displacement the generalized bridging
stress intensity factor, Hbr, can be evaluated. The results of these calculations are presented
in Fig. 14, where the remote, bridging, and local generalized stress intensity factors are plotted
as functions of the applied tensile loading, σ0, for several values of the Weibull modulus, m.
It is a matter of interest to compare the calculations based upon the weight function method
with the results obtained using the distribution dislocation technique in the �rst stage of
loading. It is seen, that the results obtained using the distribution dislocation technique are
in a good accordance with the results received from the calculations based on the weight
function method.

The T -stress also has a signi�cant in�uence on crack initiation angles in brittle fracture,
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Melin [32]. In general, numerical determination of T -stresses requires careful handling, because
of their location in the vicinity of the singular points. As suggested by Broberg [33], the T -
stress can also be determined using dislocation arrays.

As an typical example of the problem, where the T -stress should be studied, can be taken
the con�guration of the crack given in the Fig. 7a. The formula for the T -stress evaluation
can be written in the following form,

T = lim
t→1−

[
Re

{
LII21M

II
11

pII1
+
LII22M

II
21

pII2

}(
h

2
σnsxx(t) + σapplxx (t)

)
+
h

2
σnsyy

]
, (6)

where the matrix M is the inverse of L de�ned in [a25], [a26], pi are the eigenvalues of the
material and the index I or II, respectively, stands for material 1 or 2, respectively, see [a25],
[a26]. The σapplxx (y) corresponds to the stress along the negative y axis in the material 2 without
the crack and it is determined using the FEM. Stresses σnsii correspond to nonsingular part
of the stress �eld around the crack involving the interaction of the free surface, coating and
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Figure 15: Finite element solution for σyy(y) along the crack.

substrate. As an example, that the �nite element analysis do not o�er practicable way to
express the T -stress, is shown in the Fig. 15. The T -stress is the limit σyy(y)|y→0− and it is
clear that this value is di�cult to estimate from the �gure since the curve exhibits a turning
point very close to the crack tip and sharply increases behind this point. Thus a rough estimate
of the T -stress is about of −50 MPa.

As it is discussed in the previous text, the �rst two elements H1 and H2 of the Williams'
asymptotic expansion (2) can be evaluated using the numerical-analytical procedure based on
the so-called Ψ-integral. The necessary condition for the Ψ-integral application to the stress
singularity problem is the knowledge of the auxiliary solution arising from the eigenvalue
problem (4). Generally, it is possible to express any coe�cient of the Williams' asymptotic
expansion if the corresponding auxiliary solution is available. An example of the evaluation
of the T -stress by this way can be found in [a34]. The schema of the studied problem is in
Fig. 16 and the calculated T -stress is displayed as a function of the spacing to layer thickness
ratio for the mechanical loading in the Fig. 17.

It should be pointed out, that there are other results and mainly the procedure descriptions
being related to the T -stress in the papers [a25], [a26], [a33] and [a34].
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2 An application of the theory of the complex potentials

to some problems of the fracture mechanics

The purpose for the using of the complex potentials in the problems are follows.

� To get the description of the stress and displacement �eld in the domain with the absence
of the crack and under the remote loading. The knowledge of this stress �eld is necessary
for the later crack modeling via the method of the continuously distributed dislocations.
If this solution is not available, it must be compensated by some numerical solution, e.g.
by �nite element method.

� To construct the Green's function corresponding to the solved problem. Also the knowl-
edge of the Green's function is essential for the crack modeling by the just mentioned
continuously distributed dislocation technique, but the Green's function construction is
rather di�cult and it is often conditioned by geometry simpli�cation of the domain, on
which the problem is solved.

� The last purpose of the complex potential using is the quanti�cation of the stress sin-
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Figure 18: The periodic array of isotropic inclusions in the isotropic matrix under the remote
loading σ∞xx = p, σ∞yy = q.

gularity at a crack tip impinging the bimaterial interface or at the tip of the bimaterial
notch. The additional result of this stress singularity analysis is the receiving of the regu-
lar and so-called auxiliary solutions which are further introduced into the later discussed
Ψ- integral allowing e.g. evaluation of the generalized stress intensity factor.

The �rst of the above mentioned aims is performed in the papers [a2]�[a11]. The problem is
assumed as the plane strain one for an in�nite periodic array of circular inclusions loaded at
in�nity by stresses σ∞yy = q and σ∞xx = p, see Fig. 18. The inclusions of radius R lie along the
x axis with their centers at points

x =
d

2
±md, (7)

where d denotes the distance between inclusion centers and m = 0, 1, 2, . . . The problem
was originally solved in Kosmodamiansky [35], but there is used slightly modi�ed method
of solution in [a2]�[a11]. Assuming a perfect adhesion between the inclusions and the in�-
nite medium, then the continuity of displacement and traction at the inclusions and matrix
interfaces γ requires

ue + ive = ui + ivi, σrr,e + iσrθ,e = σrr,i + iσrθ,i for z ∈ γ, (8)

where the subscript e and i refers to the matrix and the inclusions, respectively. The solution
is found using the Muskhelishvili's potentials ϕ(z) and ψ(z) in the form of series composed
of the basis functions (z ± d/2)k, k = 0, 1, ±2, . . . According the Galerkin-Bubnov method
one obtains a system of linear equations from which the coe�cients αi,n and βi,n of the series
for the inclusions and matrix may be determined. As an numerical example, the normalized
stress σyy appearing in matrix between the inclusions for several values of the Young modulus
ratio Ei/Ee is shown in Fig. 19, see [a10].

For successful crack modeling, the knowledge of the corresponding Green's function is
necessary. Again, there is one way of the Green's function construction presented in the
papers [a2]�[a11]. Assume again an in�nite periodic array of circular inclusions, but instead
of the external loading, a periodic array of edge dislocations with Burgers vector b = (0,±by)
is introduced into the matrix along the x axis in such a way that the sign of Burgers vector
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is changing periodically, see Fig. 20. The procedure for the �nding the solution is the same
as in the previous case of the periodic array of inclusions under the remote loading which is
replaced by the presence of the array of dislocations, see [a10]. It should be pointed out, that
they are the sum of the solutions of the one inclusion and one dislocation interaction given in
Dundurs and Mura [40].

The next examples of the theory of the complex potentials application such as the Green's
function serving for the modeling of the crack in the orthotropic bimaterial composed of thin
layer and semi-in�nite substrate can be found in e.g. [a28], [a25] or [a26]. The other aim of
the complex potential theory used in the papers [a13]�[a34] is its elegant application to the
eigenvalue problem resulting from the analysis of the stresses prevailing in the region enclosing
the crack tip or bimaterial orthotropic notch tip, see [a36].
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3 The distributed dislocation technique in the crack prob-

lems

The distributed dislocation technique leads to the solution of singular integral equation with
the singular simple Cauchy kernel. The solution of the compiled singular integral equation is
the dislocation density By(x), whose knowledge allows the evaluation of the basic quantities
such as opening displacement, δ(x), and stress intensity factor, KI . The aim of the research is
the interaction of the cracks with the other parts of the body such as inclusions, free boundaries
and interfaces. The problems presented e.g. in the articles [a2]�[a11], [a13], [a28] and [a25]
lead to the solution of the sophisticated integral equation, which has to be solved numerically.
There are a number of e�ective numerical procedures for handling singular equations with
Cauchy kernels such as the procedures based on the Gauss-Chebyshev quadrature, Erdogan
and Gupta [49], Erdogan, Gupta and Cook [50].

As an example of the continuously distributed dislocation technique application and the
subsequent solution of the appropriate singular integral equation can be found in [a28]. The
problem is discussed in the previous chapters and the crack within the bimaterial is shown
in the Fig. 11. The distribution of the dislocations along the crack line, the introduction of
the traction induced by the crack bridging zone and the utilizing of the so-called Bueckner's
principle leads to the following singular integral equation

σapplxx (t) + σ̂br (δ(t)) +
1

π
Re


2∑

β=1

LII1β

2∑
α=1

M II
βα

(
BII
α1

)−1


1ˆ

−1

Bx(s)

s− t
ds

+

1ˆ

−1

Bx(s)Kxx(t, s)ds = 0, (9)

where

Kxx(t, s) =
Nk∑
n=1

k1,n

k2,ns− k3,nt− k4,n

(10)

is the regular kernel describing the interaction of a dislocation with the bimaterial interface
and with the free surface as well, see [a28]. Since the material interface and the crack plane
correspond to the material symmetry planes and the specimen is subjected to a simple tensile
loading conditions, the Burgers vector component by is equal to zero. The σapplxx (t) denotes
the negated stresses in x = 0 produced by the given boundary loads acting on a specimen,
but without crack. The σ̂br (δ(t)) is the bridging stress shown in the Fig. 13, see [a28], which
depends on the crack opening displacement δ(y) and must be calculated by the iterative way.
The dislocation density is sought in the form

Bx(s) = (1− s)−λ (1 + s)λ g(s), (11)

where λ is the stress singularity exponent and g(s) is the bounded function. The chosen form
of Bx(s) given by (11) allows one to express the integral containing the regular kernel Kxx(t, s)
in the closed form by integrating each component of the truncated series (10) using the theory
of the curve complex integrals developed by Muskhelishvili, [18]. The �nally expression of the
integral is rather complicated and can be found in [a28]. The integral equation (9) is solved
using the Gauss-Jacobi quadrature implying that the function g(s) is sought in the form of
linear combination of Jacobi polynomials

g(s) =
∞∑
n=0

cnP
(−λ,λ)
n (s) ∼=

NB∑
n=0

cnP
(−λ,λ)
n (s). (12)
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A singular integral in (9) then may be expressed in the closed form, see Erdogan, Gupta and
Cook [50], Kaya and Erdogan [51], depending on the collocation points ti, which are chosen
so, that

ti = cos
(
π

2

2i+ 1

NB

)
− 1, (13)

where i = 0, 1, . . . , NB − 1 and NB is the degree of the Burgers vector approximation. The
substitution of the integrated regular kernel and the expresion of the singular integral into
the singular integral equation (9) leads to the algebraic equations in the unknowns cn. Their
evaluation gives the dislocation density function Bx(s) and consequently the value of the
crack opening displacement. This allows the bridging stress σ̂br (δ(t)) to be corrected and
the following recalculation of the coe�cients cn can be made. The convergence any of these
parameters should be appeared and the procedure continue until the required accuracy is
achieved. The knowledge of the interpolation of the Burgers vector density (11) allows the
evaluation of the generalized stress intensity factor, whose formula is given in [a28]. Mostly
it is impossible to integrate the regular kernel appearing in the integral equation resulting
from the problems similar to that one discussed above. In these cases, the integrals must be
evaluated numerically or may be approximated by the set of suitable functions, see [a10].

The distributed dislocation technique can also be applied to the problem of the determina-
tion of the T -stress, [a25]. The distributed dislocation technique also o�ers possibility of the
stress singularity exponent evaluation for the cracks impinging the bimaterial interface. This
problem is not discussed here, but also this application of the distributed dislocation technique
shows the e�ectiveness of this method in the crack problems. The basics of the method can
be found in Gupta, Argon and Suo [31] and its applications including also the construction of
the regular and auxiliary solutions of the solved problems. These allow the expression of the
generalized intensity factors or T -stresses via the Ψ-integral treated in e.g. [a13], [a25], [a26],
[a34] and �eve£ek [30].

4 The two-state integrals

Except the distributed dislocation technique, there are next several approaches for the am-
plitude calculation of singular and the other terms in the Williams asymptotic expansion (2).
One of the simplest to evaluate the generalized stress intensity factor is based on the com-
parison of numerical calculations of the stress (or displacement) �eld in front of the crack
tip (e.g. by �nite element method) with the appropriate analytical expressions for stresses or
displacements. The generalized stress intensity factor is then extracted for r → 0, e.g. [a31],
Náhlík [52]. Another e�ective method, which can be used for the generalized stress intensity
factor calculation, eventually also for the T -stress calculation, is based on the method of two-
state integrals in combination with �nite element method. The two-state integrals, which are
path independent, are based on the J-integral, Gross and Seelig [57], Chang and Wu [55],
or M -integral, Gröger [58]. However, the J-integral cannot be applied for the calculation of
generalized stress intensity factors in the cases of V-notches or other general stress concen-
trators, because is not path independent, and even though the M -integral does not lose its
path independence in these cases, it is seem to be very useful to introduce another two-state
integral, so-called Ψ-integral, see �eve£ek [30], Hwu [34]. The detailed information about the
two states integrals can be found in, e.g. Akisanya and Fleck [54], Desmorat and Leckie [29],
Chang and Wu [55], Im and Kim [56].

The method of Ψ-integral enables to determine the local stress �eld parameters in the
vicinity of the crack or notch tip using the deformation and the stress �eld in the remote
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points, where the numerical results obtained e.g. using the �nite element analysis are more
accurate. This method which turned out to be very e�cient is an implication of the Betti's
reciprocity theorem. The reciprocal theorem states that in the absence of the body forces and
residual stresses the following integral is path independent

Ψ(U ,V ) =

ˆ

Γ

[σij(U)niVj − σij(V )niUj] ds, (14)

where Γ is any contour surrounding the crack tip and U , V are two admissible displacement
�elds, see Fig. 21. The asymptotic expansion of the displacements U(r, θ) for the crack per-
pendicular to the interface of the orthotropic materials, see Fig. 7, is possible to write in the
following form

U(r, θ) = H1r
δ1u1(θ) +H2r

δ2u2(θ) + Tru3(θ) + . . . =
∞∑
i=0

kir
δiui(θ), (15)

where H1 and H2 are the generalized stress intensity factors, u1(θ) and u2(θ) are the angular
distribution of the displacements corresponding to the singular terms in the stress asymp-
totic expansion and u3(θ) is the angular distribution of displacements for the T -stress. The
application of the two-state integrals requires the knowledge of the so-called auxiliary (dual)
solution V in the form of eigenfunctions of the appropriate singular problem. It can be
proved, Papadakis and Babuska [43], that each regular solution of this eigenvalue problem
generating the basis functions of (15), i.e. rδiui(θ), is associated with the dual solution of the
same eigenvalue problem, r−δiu−i(θ). Hence, considering the auxiliary solution V in the form
V (r, θ) = r−δiu−i(θ) for i = 1, 2, 3, one can receive from (14) and (15) the generalized stress
intensity factors, H1 = k1, H2 = k2 and T -stress, T = k3 as follows

H1 =
Ψ
(
U , r−δ1u−1(θ)

)
Ψ (rδ1u1(θ), r−δ1u−1(θ))

, (16)

H2 =
Ψ
(
U , r−δ2u−2(θ)

)
Ψ (rδ2u2(θ), r−δ2u−2(θ))

, (17)
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Figure 22: Example of the �nite element mesh in the vicinity of the crack tip perpendicular
to the bimaterial interface with detail of the mesh re�nement along the integration path at
interface crossing.

T =
Ψ
(
U , r−δ3u−3(θ)

)
Ψ (rδ3u3(θ), r−δ3u−3(θ))

. (18)

Observe, that the dual displacement �elds, so-called extraction solutions, r−δiu−i(θ), are singu-
lar at the crack tip, hence they have unbounded energy near the crack tip and thus correspond
to some concentrated sources at the crack tip. They are mathematical tools which allow ex-
tracting asymptotic coe�cient terms from the complete exact solution U . Since the exact
solution U is not known, a �nite element solution Uh can be used as an approximation for
U , see e.g. [a25], [a26].

The results of Ψ-integral concept applied to fracture problems are discussed in the previous
chapter 1. There is treated only small note about some aspects of the numerical evaluation of
the Ψ-integral in the following text.

The �nite element analysis model for the Uh evaluation may show problems in the re-
gion where the integration path crosses the interface. Because of the discontinuity of some
components of the stress tensor, the numerical errors can appear in the integration process.
One possible way to reduce these errors is to introduce a �ner mesh, Fig. 22. If the model is
required to be simpler, to contain a smaller number of elements, the mesh re�nement is not
required and the errors without this re�nement are relatively small and in some cases they are
insigni�cant. Nevertheless, the study of this in�uence is recommended to perform before any
larger computations and it is clear, that this manner of the error reduction is contrary to the
main advantage of the Ψ-integral concept. To avoid this �nite element model remeshing, one
can use the interpolation of the stresses and displacements along the integration path via the
splines. This interpolation should be done separately along the parts of the integration path
divided by the crack faces and the bimaterial interface, where the path end-points belonging
to the interface are excluded. After this process, a very e�cient Romberg integration method
can be applied to this interpolated function using any open or semi-open integration formulas,
see Press, Teukolsky and Vetterling [64].

22



5 A conclusion

In this appearance, there were summarized several results published during the years 2003�2010
under prof. Michal Kotoul leadership or in conjunction with Jan Klusak from Institute of
physics of materials, Academy of Sciences of the Czech Republic. These results are the prod-
uct of the combination of the analytical and numerical methods, which were also discussed in
the previous chapters. In this chapter, all the previous discussions are concluded.

It is clear, that the most important part of the treated research are the obtained results and
their physical interpretation. The presented research is focused on the Irwin's concept of the
linear fracture mechanics, i.e. the concept of the stress intensity factor, T -stress and energy
release rate, and its application to the fracture of the composed materials. The �rst set of the
results follows from the problem of the periodic array of collinear microcracks and inclusions.
The problem was dealt as the isotropic plane problem and except the stress intensity factor
and its generalization for various con�gurations of the cracks and inclusions, there were also
discussed the critical applied loadings for the cracks impinging the inclusions interfaces, the
crack path stability, the crack tunneling and the weakening e�ect of the microcracking ahead
of the main crack.

The second set of the results is related to the bimaterials composed of the orthotropic
materials, where one of this material is characterized by the �nite thickness. The problems
of the research discussed in the previous chapters concern the cracking of the �nite thickness
layer under the assumption of the crack or cracks impinging the bimaterial perfect bonded
interface. The obtained results give the information about the stress singularity exponents,
generalized stress intensity factors, T -stress, energy release rates and using the �nite fracture
mechanics, also about the next crack propagation into the substrate or along the interface.

As the third set of the results can be considered the generalization of the previous item to
the case of the bimaterial notch. Also for this case there were discussed the obtained values
of the stress singularity exponents and generalized stress intensity factors in this appearance.

The singular nature of the fracture mechanics problems solved requires a delicate handling.
Apparently, the analytical method of the stress and displacement �eld description are irre-
placeable. All of the obtained results discussed in this treatise stand on analytical basis and
therefore the solved problems were considered as the plane ones. The �rst analytical method
used to model the cracks in the research treated in the previous text was the distributed
dislocation technique which leads to the solution of the singular integral equations. The ap-
plication of this method is, in addition, conditioned by the knowledge of the Green's function
corresponding to the solved problem. This Green's function can be received using the theory
of the complex potentials in the plane isotropic or anisotropic elasticity. All these feature of
the distributed dislocation technique were discussed in the previous chapters. Moreover, there
was also discussed the weight function approaches applied into the related problems discussed
in this work.

The application of the distributed dislocation technique has the limitations, particularly,
this technique can be used in the problems with simple body geometry. To overcome this
restriction, numerical methods, such as the �nite element method, have to be used. But
an inaccuracy near the stress concentrators may occur when the �nite element analysis is
applied to stress concentrator problems. Also it is impossible to evaluate all generalized stress
intensity factors from the purely numerical solution. For this reason, it is convenient to
introduce the method based on the combination of the two-state integrals with �nite element
method. However, the main contribution of the two-state integral method is its application to
the establishing of the further crack growth criteria based on the �nite fracture mechanics. The
two-state integral method was discussed and applied to the signi�cant part of the problems
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presented in this treatise, such as the crack inclined to the bimaterial interface or bimaterial
notch.

Even though it is di�cult to �nd di�erent three words characterizing the present state of
the fracture mechanics as the "�nite", "element� and �method", the limits of this powerfull
tool are given by the quality of the mesh of the studied domain. Therefore the analytical
methods play an important role in the problems of the fracture mechanics. Especially, the
theory of the complex potentials for the plane elasticity o�ers an e�ective instrument for the
description of the stress and displacement �eld near the stress concentrators. Except the
classical isotropic or anisotropic materials, the complex potentials can be used also for e.g.
the piezoelectric materials or thermoelasticity.

The �nite element method, fortunately, is not only one numerical method allowing re-
searches or engineers to solve the elasticity problems de�ned on the general domains. A
signi�cant alternative to the �nite element method is the boundary element method and its
variations such as the hybrid boundary element method and dual reciprocity boundary ele-
ment method. Moreover, there are the ways connecting the boundary element method and
distributed dislocation technique.

All these mentioned matters give the valid arguments for the application and combination
all these methods in the further research of the particular problems of the fracture mechanics.
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Abstract

In the problems of the fracture mechanics, where the cracks are relatively short with

respect to the geometrical characteristic feature of the solved plane problem, it is practi-

cable to represent the geometry in an idealized way. This idealization allows one to use

the analytical methods based on the theory of the complex potentials, which subsequently

enables to utilize the crack modeling by the distributed dislocation technique. An advan-

tage of this procedure is its accuracy particularly signi�cant in the crack problems of the

bimaterial interface. If the idealization of the geometry cannot be applied and the �nite

element method has to be employed, it is appropriate to combine its numerical results

with the Ψ-integral method, which augments the accuracy of the obtained numerical re-

sults removing the a�ected requirements to the �nite element mesh. All these methods

can be e�ectively introduced and used in the problems of the stress concentrators at the

bimaterial interfaces between the isotropic and orthotropic materials. Their application

enables to obtain all characteristic describing the stress concentrators behavior, especially

the generalized stress intensity factor, energy release rate and T -stress.
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